We propose a manifestly U-duality invariant modular form for the D 6 R 4 interaction in the effective action of type IIB string theory compactified on T 2 . It receives perturbative contributions upto genus three, as well as non-perturbative contributions from D-instantons and (p, q) string instantons wrapping T 2 . Our construction is based on constraints coming from string perturbation theory, U-duality, the decompactification limit to ten dimensions, and the equality of the perturbative part of the amplitude in type IIA and type IIB string theories. Using duality, parts of the perturbative amplitude are also shown to match exactly the results obtained from eleven dimensional supergravity compactified on T 3 at one loop. We also obtain parts of the genus one and genus k amplitudes for the D 2k R 4 interaction for arbitrary k ≥ 4. We enhance a part of this amplitude to a U-duality invariant modular form.
Introduction
It is an important problem to construct the low energy effective action of string theory. Not only does it yield valuable information about the perturbative and non-perturbative structure of string theory, but is also elucidates the role of U-duality. The effective action of string theory can be constructed perturbatively in α ′ , the inverse of the string tension.
Of course there are also expected to be corrections which are non-perturbative in α ′ . Constructing certain interactions in the effective action is sometimes tractable in theories with maximal supersymmetry. These special interactions are BPS, and receive only a finite number of perturbative contributions, as well as corrections due to various instantons. We shall consider the special case of toroidal compactification of type IIB superstring theory to eight dimensions, such that it preserves all the thirty two supersymmetries. Certain classes of BPS interactions in the low energy eight dimensional effective action are expected to satisfy non-renormalization theorems. For example, the D 2k R 4 interactions (at least for sufficiently low values of k), where k is a non-negative integer, are expected to receive only a finite number of perturbative contributions, as well as non-perturbative corrections from D-instantons, and (p, q) string instantons wrapping T 2 . Here R 4 stands for the t 8 t 8 R 4 interaction [1] [2] [3] , and can be expressed entirely in terms of four powers of the Weyl tensor. The U-duality symmetry and maximal supersymmetry imposes strong constraints on these interactions.
Type IIB superstring theory compactified on T 2 has a conjectured U-duality symmetry group SL(2, Z) U × SL(3, Z) M [4, 5] . The complex structure modulus U of T 2 transforms non-trivially under SL(2, Z) U as
where a, b, c, d ∈ Z, and ad − bc = 1. The SL(3, Z) M factor of the U-duality group arises in a somewhat involved way. The theory has an SL(2, Z) τ (S-duality) symmetry under which the complexified coupling
transforms as
while the combination B R + τ B N transforms as
where B N (B R ) is the modulus from the NS-NS (R-R) two form on T 2 . It also has an SL(2, Z) T (T-duality) symmetry under which the Kahler structure modulus of T
where V 2 is the volume of T 2 in the string frame. It also acts on the complex scalar ρ defined by ρ = −B R + iτ 1 V 2 ,
as
while leaving the eight dimensional dilaton invariant. The SL(2, Z) τ and SL(2, Z) T symmetries can be intertwined and embedded into the SL(3, Z) M factor of the U-duality group. The part of the supergravity action involving the scalars can be written in the Einstein frame as (we are following the conventions of [6] )
where the hat denotes quantities in the eight dimensional Einstein frame. In (9) , M is a symmetric matrix with determinant one given by
where B = B R + τ B N , and ν = (τ 2 V 2 2 ) −1 .
In the Einstein frame, where the metric is U-duality invariant, the coefficients of these protected D 2k R 4 interactions should be given by modular forms of the U-duality group, which are invariant under SL(2, Z) U × SL(3, Z) M transformations. Constructing these modular forms for toroidal compactifications of type II string theory and M theory that preserve maximal supersymmetry, and analyzing their non-renormalization properties have been worked out for some of these operators in various dimensions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] (see [24, 25] for reviews). In eight dimensions, a modular form for the D 4 R 4 interaction has been proposed recently [26] . In this work, we shall propose a manifestly U-duality invariant modular form for the D 6 R 4 interaction in the effective action. By this, we actually mean the (s
interaction involving the elastic scattering of two gravitons.
To summarize, we propose that modular form is given by E (3/2,3/2) (M) + 20 3 E 3 (M −1 ) SL(3,Z) E 3 (U,Ū )
SL (2,Z) +f (U,Ū) + 1 2 E 3/2 (M) SL(3,Z) E 1 (U,Ū) SL(2,Z) ,
where E s (M) 
and ∆ SL(3,Z) E (3/2,3/2) (M) = 12E (3/2,3/2) (M)
We begin by constructing the perturbative part of the modular form. Constraints coming from string perturbation theory, U-duality, the decompactification limit to ten dimensions, and the equality of the perturbative part of the amplitude in type IIA and type IIB string theories, lead us to propose the complete perturbative part of the modular form.
2
This receives contributions only upto genus three in string perturbation theory. Using duality, we next provide evidence for some of these contributions by analyzing the one loop four graviton scattering amplitude in eleven dimensional supergravity compactified on T 3 .
We next propose the exact expression for the modular form based on constraints of supersymmetry and the ten dimensional SL(2, Z) τ invariant answer. This provides the non-perturbative completion of the perturbative part of the modular form, and involves contributions from D-instantons, as well as from (p, q) string instantons wrapping T 2 .
Analyzing one loop eleven dimensional supergravity compactified on T 3 , we also obtain parts of the genus one and genus k amplitudes for the D 2k R 4 interaction for arbitrary k ≥ 4. We enhance a part of this amplitude to a U-duality invariant modular form. We 2 Since the R 4 interaction involves the even-even spin structures only, the perturbative contributions have to be the same in the two type II string theories. Thus this part of the amplitude must be symmetric under the interchange of U and T , while the eight dimensional IIA dilaton goes to the IIB dilaton and vice versa.
also make some comments about generalizing our construction to toroidal compactifications with maximal supersymmetry to lower dimensions. In the appendices, relevant details for the Eisenstein series of SL(2, Z) and SL(3, Z), and the torus amplitude are summarised. They also contain a discussion about possible contributions to the modular form we might have missed, where we provide arguments that they should vanish.
The perturbative part of the proposed modular form
We begin by constructing the perturbative part of the proposed modular form. The low energy effective action for type IIB superstring theory in ten dimensions includes the interaction (in the string frame) [21] 
We first construct the perturbative part of the modular form.
Constraints using string perturbation theory
Let us consider the perturbative contributions to the D 6 R 4 interaction. As mentioned before, by this interaction, we actually mean the term
in the four graviton scattering amplitude. Consider the tree level and one loop amplitudes for this interaction using string perturbation theory. The sum of the contributions to the four graviton amplitude at tree level [1, 3] and at one loop [3, 27] in type II string theory compactified on T 2 is proportional
where V 2 is the volume of T 2 in the string frame, s, t, u are the Mandelstam variables , and I is obtained from the one loop amplitude. We are looking at the part of the amplitude involving the even-even spin structures, and hence the amplitude is the same for type IIA and type IIB string theories. Now I is given by
where F is the fundamental domain of SL(2, Z), and d 2 Ω = dΩdΩ/2. The relative coefficient between the tree level and the one loop terms in (19) is fixed using unitarity [28] . In (20) , the lattice factor Z lat which depends on the moduli is given by [29] 
where
Also the dynamical factor F (Ω,Ω) in (20) , which is independent of the moduli, is given by
In (23), ν i (i = 1, . . . , 4) are the positions of insertions of the four vertex operators on the toroidal worldsheet, and ν 4 has been set equal to Ω using conformal invariance. Also
is the scalar Green function between the points ν i and ν j on the toroidal worldsheet.
Expanding (20) to sixth order in the momenta, we get that
3 The calculation actually yields R 4 at the linearized level.
which can be depicted diagrammatically as in Figure 1 .
Figure 1: Schematics of the torus amplitude.
In the expressions above, we have defined
Thus we have removed the zero mode part of the scalar propagator, which does not contribute to the on-shell amplitude using s + t + u = 0. In (25) and (26), note that the one loop contribution has been integrated over the restricted fundamental domain F L of SL(2, Z), which is obtained from F by restricting to Ω 2 ≤ L. This is necessary to separate the analytic parts of the amplitude from the nonanalytic parts (see [30] for a detailed discussion). The integral over F L gives both finite and divergent terms to the amplitude in the limit L → ∞. The terms which are finite in this limit are the analytic parts of the amplitude. The parts which diverge in this limit cancel in the whole amplitude when the contribution from the part of the moduli space F with Ω 2 > L is also included. In addition to these divergences which cancel, the contribution from F with Ω 2 > L also gives the various non-analytic terms in the amplitude. Keeping this in mind, we shall consider only the contributions which are finite in the limit L → ∞ and drop all divergent terms. In the calculations, we shall see that the domain of integration F shall often be changed to the upper half plane or a strip. Then truncating to F L to calculate the analytic terms cannot be done when the integration over F L produces divergences of the form lnL [30] . However, for our case there are no logarithmic divergences, and so this is not a problem for us.
In calculating bothÎ 1 andÎ 2 , we need to add the contributions from the zero orbit, the non-degenerate orbits and the degenerate orbits of SL(2, Z) respectively [29] .
(i) The contribution from the zero orbit involves setting A = 0 in (21).
(ii) The contribution from the non-degenerate orbits involves setting
where k > j ≥ 0, p = 0 in (21), and changing the domain of integration to be the double cover of the upper half plane.
(iii) The contribution from the degenerate orbits involves setting
such that (j, p) = (0, 0) in (21) , and changing the domain of integration to be the strip
The details of the calculation ofÎ 1 andÎ 2 are given in the appendix. This gives uŝ
Thus the total amplitude in (19) gives
2.2 Constraints using U-duality and the decompactification limit
Having obtained the tree level and the one loop contributions to the scattering amplitude, we now show how U-duality and the decompactification limit constrains the perturbative structure of the modular form. Now (31) leads to the term in the effective action in the Einstein frame given by
Thus the tree level and the one loop contributions to the modular form are given by
and so the perturbative part of the amplitude is the same in type IIA and type IIB string theories.
We now show that in ten dimensions, (41) without the f (T,T ) + f (U,Ū ) term, gives all the contributions in (15) except the genus two contribution. We first decompactify to nine dimensions by defining
where r ∞ is the direction that is being decompactified. Here r ∞ and r B are the radii of T 2 in the string frame. Now let us take the limit r ∞ → ∞, so that T 2 , U 2 → ∞. This leads to the nine dimensional interaction
where we have set
We have dropped a term that diverges in the nine dimensional limit. This term comes from the genus one amplitude and is given by 40
This term is only one of an infinite number of such diverging terms coming from the infinite number of analytic terms. These diverging terms as well as the non-analytic terms must add up to give the massless threshold singularity in nine dimensions, and hence do not form a part of the D 6 R 4 interaction in nine dimensions. Clearly because the infinite number of divergent terms must add to give the threshold singularity, every divergent term must be independent of the dilaton, and hence must come from the decompactification limit of the genus one amplitude only. The fact that there are no divergent terms from the higher genus amplitudes is a consistency check of our proposal. Also, note that the one loop amplitude in (44) precisely agrees with string perturbation theory [31] , providing a non-trivial check for our proposed modular form.
Finally, taking the limit r B → ∞, we get the term in the ten dimensional effective action
where we have set l s d 9 x √ −g 9 r B = d 10 x √ −g. We have dropped a divergent term given by 15
Apart from the genus two term, (46) precisely matches (15) providing some more evidence for the perturbative part of the modular form. Dropping the f (T,T ) + f (U,Ū) term in (42), note that the ten dimensional contribution comes entirely from the terms which are independent of U in (42). Finally, let us consider the divergent term (47). This has been computed directly in ten dimensions in [15] , where it was shown that the divergent term and the genus two contribution together is proportional to
This is exactly what we get by adding the genus two contribution in (46) and the divergence in (47) 5 , upto an overall irrelevant numerical factor of ζ(6)/3ζ(4). This provides another strong check of our proposal.
3 Evidence using eleven dimensional supergravity at one loop on T
3
We now provide some evidence for the perturbative part of the proposed modular form by considering the four graviton scattering amplitude in eleven dimensional supergravity compactified on T 3 . Of course eleven dimensional supergravity cannot give the complete answer. There are extra contributions due to membrane instantons wrapping the T 3 . This will give contributions depending on the Kahler structure modulus in type IIA, and complex structure modulus in type IIB string theory. So the supergravity analysis will miss such contributions, and we shall see that it yields the leading U 2 behavior of some of the terms, which arise while going from the M theory to the string theory coordinates.
In order to look at the supergravity contributions to the D 6 R 4 interaction, we need to go beyond the one loop amplitude 6 . Two and three loop contributions (and possibly higher loops as well) also contribute to the amplitude [15, 32-34] which we shall not discuss. We shall see that the one loop supergravity amplitude coupled with the genus zero string theory amplitude will give us some of the terms in our proposed modular form. So let us consider one loop supergravity in eleven dimensions compactified on T 3 . Apart from the overall kinematic factor which contains the spacetime dependence, the calculation simplifies and boils down to a box diagram calculation in scalar field theory with cubic interaction, essentially because of supersymmetry. The four graviton amplitude is given by [15, [35] [36] [37] ]
whereK involves the R 4 interaction at the linearized level, and
Here V 3 is the volume of T 3 in the M theory metric. Denoting the torus directions as 1, 2, and 3, we choose G 11 = R 2 11 to be the metric along the M theory circle, thus R 11 = e 2φ A /3 . Though we need the (s
term, we shall later find it useful to extract a part of the momentum independent amplitude from (49) in order to fix normalizations. This is given by
where we have done Poisson resummation using (141). Considering thel 1 = 0,l 2 =l 3 = 0 piece, (51) gives [9]
Let us now focus on the (s 3 + u 3 + t 3 )R 4 interaction, which is contained in the analytic part of (50). The relevant expression is given by [26] 
We are interested only in those terms in (53) that lead to the perturbative string contributions given in the previous section. There are two contributions to this: (i) the (l 2 ,l 3 ) = (0, 0),l 1 = 0 part of (53), which we call I(S, T ) 1 anal , and (ii) the (l 2 ,l 3 ) = (0, 0), l 1 = 0 part of (53), where we have undone the Poisson resummation overl 1 to go to l 1 , which we call I(S, T ) 2 anal . Proceeding along the lines of [26] , we get that
where we have used ζ(−3) = 1/120, and
where we have used the IIA string frame metric
where i, j = 2, 3. Using
we get that
Thus adding (55) and (59), we see that the perturbative part is given by
Finally, using
where we have used l 11 = e φ A /3 l s .
In order to fix the genus zero contribution, we note that the tree level amplitude is given by
Thus given the genus zero R 4 interaction in (62), we can also deduce the precise coefficient of the (s 3 + t 3 + u 3 )R 4 interaction at genus zero. This contribution has to come from the two loop four graviton amplitude. This leads to terms in the IIB effective action in the string frame
These are contributions at genus zero, one and three respectively. Given the U 2 dependence and the perturbative equality of the type IIA and type IIB amplitudes, it is natural to guess that a part of the amplitude with the complete U dependence is
where we have used ζ(6) = π 6 /945. This precisely matches some of the terms in (42).
The expression for the exact modular form
Given the expression (41) for the perturbative part of the modular form, it is natural to propose that the exact expression for the modular form is given by
We now construct f (T,T ) , and also obtain the non-perturbative completion of (67). Now, the modular form E (3/2,3/2) (τ,τ ) for the D 6 R 4 interaction in ten dimensions satisfies a Poisson equation
8 Using (142), we could also use the relation
on the fundamental domain of SL(2, Z) τ [21] . The source term in (68) is the square of the modular form for the R 4 interaction, which can be understood based on considerations of supersymmetry. Because SL(2, Z) τ ⊂ SL(3, Z) M , and the U dependence in the expression (66) is already fixed, it is natural to propose that E (3/2,3/2) (M) satisfies a Poisson equation on the fundamental domain of SL(3, Z) M given by
where α and β are numbers. Again, the source term in (69) is the square of the modular form for the R 4 interaction in eight dimensions [6] .
Let us first consider the perturbative content of (69). We use the relation
where µ = τ 2 2 V 2 is the eight dimensional dilaton. Now (70) can be obtained based on symmetries alone. From (67), we see that every term in the perturbative part of
where ξ 1 , ξ 2 , and ξ 3 are numbers. In order to determine them, we act with ∆ pert SL(3,Z) on E s (M) pert SL(3,Z) which is given by the first two terms in (138), such that ∆
. The first term in (138) gives ξ 2 = 3, ξ 3 = 0, while using (131), we see that the second term in (138) gives ξ 1 = 1, leading to (70).
Using (70), (67) and
we see that (69) gives us the set of equations
and
Here we have used the relation (131) for s = 1 and s = 3 9 .
So (73) is solved by 9 We use the relation ∆ SL(2,Z) T E 1 (T,T ) = 0 for the unregularized expression.
thus (74) reduces to
Thus (76) gives us the equation for f (T,T ) (and f (U,Ū) as well), while (69) reduces to
thus giving us an explicit equation satisfied by the modular form E (3/2,3/2) (M). Note that the solution of the homogeneous equation
(which is the Eisenstein series E s (M) SL(3,Z) for 4s/3 = 1 ± √ 17) cannot be added to a particular solution of (77) simply because this is inconsistent with the structure of terms obtained using string perturbation theory.
We next understand the structure of f (T,T ) is more detail.
Understanding the structure of f (T,T )
The structure of (76) is very similar to (68), which has been analyzed in [21] , and our analysis is along similar lines. In (76) we substitute
Here f 0 (T 2 ) receives perturbative contributions from the zero worldsheet instanton sector, as well as non-perturbative contributions from world sheet instanton and anti-instanton pairs of equal and opposite NS-NS charge. On the other hand, the remaining part of (78) receives contributions from world sheet instantons of non-vanishing NS-NS charge. Substituting the regularized expression for E 1 (T,T ) given by (133), we get the equation satisfied by f 0 (T 2 )
Now writing
wheref 0 (T 2 ) is the contribution from the zero worldsheet instanton sector, andf k (T 2 ) is the contribution from the worldsheet instanton anti-instanton sector with vanishing NS-NS charge, from (79) we get differential equations forf 0 (T 2 ) andf k (T 2 ). Forf 0 (T 2 ) we get
which has the solution
where λ 1 and λ 2 are arbitrary constants. We shall fix them soon.
Forf k (T 2 ), we get
where Ei(x) is the exponential integral function. Using the relation [38] Ei(−x) = e
we see that the last term in (84) has the correct structure to be a worldsheet instanton contribution.
For the worldsheet instantons with non-vanishing NS-NS charge, we get the equation
which in principle can be solved iteratively by expanding in large T 2 .
Substituting (82) and the corresponding expression forf 0 (U 2 ) into (66), we can easily study the decompactification limit as before. Only the T 2 2 term in the expression forf 0 (T 2 ) (and the U 2 2 term in the expression forf 0 (U 2 )) contributes in this limit. In nine dimensions, in addition to (44) it also gives a term 6ζ(4)l
where we have used ζ(4) = π 4 /90. However, it also gives a divergent contribution
which we shall return to soon. Further decompactifying to ten dimension, this gives an additional contribution to (46) which is equal to 6ζ(4)l
which precisely gives the missing genus two contribution in (15) . This is a non-trivial consistency check on our proposed modular form.
Note that we can send
for arbitrary λ in (76) because E 4 (T,T ) SL(2,Z) satisfies the homogeneous equation
In the zero worldsheet instanton sector, this involves shifting the coefficient of the
and the T
In the sector with world sheet instanton charge k, the extra terms are automatically solutions of the homogeneous equation in (86).
We now provide two arguments that we must set the coefficient of the T 4 2 term to zero, thusλ 1 = 0. From (88), note that we get a divergent contribution with a non-trivial dilaton dependence. As discussed before, the divergences add to give threshold singularities, and hence must come only from the genus one amplitude. Thus it follows thatλ 1 = 0.
The vanishing ofλ 1 can also be argued based on the factorization properties of the amplitude. Stripping off the eight dimensional dilaton factor from the various loop amplitudes, from (42), (82), and (92), we see that for large T 2 , the genus two amplitude goes as T , while the genus one amplitude goes as T 2 . Now considering the degeneration limit of the genus two surface into two genus one surfaces as in Figure 2 , we see that the large T 2 limit of the genus two amplitude should scale no larger than T 2 2 , thusλ 1 = 0. Note that from (42), it follows that the genus three amplitude at large T 2 goes as T 3 2 . This is consistent with the degeneration limits described in Figure 2 , whenλ 1 = 0. We now proceed to calculateλ 2 along the lines of [21] . Multiplying (76) by E 4 (T,T )
SL(2,Z)
and integrating over the restricted fundamental domain of SL(2, Z) T , we get that
We have restricted the integral to be over F L as the integrals diverge and we regulate them, and finally take L → ∞. Integrating by parts, and using (91), from (94) we get that
Using (82) with λ 2 replaced byλ 2 , the left hand side of (95) yields
Using the Poincare series representation for E
SL(2,Z) 4
, and the Rankin-Selberg formula the right hand side of (95) yields
leading toλ
using an identity due to Ramanujan [39] .
Understanding the non-perturbative structure of E (3/2,3/2) (M)
Having understood the perturbative part of E (3/2,3/2) (M), let us focus on the non-perturbative part of E (3/2,3/2) (M). From (77), we can see what are the various kinds of non-perturbative contributions E (3/2,3/2) (M) receives. This allows us to write
where From (77), we obtain explicit differential equations satisfied by these non-perturbative
Further defining
such that µ(k, 0, s) = µ(k, s), we also get that
The remaining two differential equations are given by
5 More predictions from eleven dimensional supergravity at one loop on T
3
We can generalize the calculations in section 3 to make predictions for some of the perturbative contributions to the D 2k R 4 interaction for arbitrary values of k ≥ 4. We show below that we obtain parts of the genus one and genus k contributions to the amplitude. However, it need not be the case that the D 2k R 4 interaction is protected for all values of k.
The analytic part of the amplitude relevant for the D 2k R 4 interaction is given by [26] 
Following the same steps as in section 3, the two perturbative contributions are given by I(S, T )
This leads to
Now W k contains all the possible 2k-th power of the derivatives acting on R 4 consistent with the kinematical structure of the amplitude. This is unique upto k = 5, namely, for
there are two independent structures and so 
SL(2,Z)
Given the perturbative equality of the amplitude in the two type II theories, and (126), it is natural to enhance the (U
, and symmetrize in U B and T B . Thus (113) gets enhanced to
where we have used the relations [38] ζ(2k)
where k is a positive integer, B 2k are the Bernoulli numbers, the identity (128), and
Thus from (114), we see that eleven dimensional supergravity gives predictions for parts of the genus one and genus k amplitudes for the D 2k R 4 interaction, for arbitrary k.
Thus from (114), we see that at genus one, there is a contribution proportional to
For low values of k, it is easy to see that there is such a contribution. For k = 2, as shown in [26] , this arises from the only diagram that contributes to the torus amplitude given by figure 3. For k = 3, from figure 1, we see thatÎ 1 gives such a contribution proportional to
. However, there is also another contribution fromÎ 2 . For k = 4, again we can see that the part of the torus amplitude coming from the diagram in figure 4 is proportional to
SL (2,Z) . This can be obtained by using the relation
and generalizing the calculation ofÎ 1 summarised in Appendix B.1. However, just like in the k = 3 case, other parts of the torus amplitude should also give the same contribution, so the final numerical coefficient will be different. So from the discussion above, one can see that when the k points form a polygon with no internal lines, the integral over the vertex operator insertions is proportional to
, while leads to the contribution predicted from supergravity. However, this topology is no more possible for k ≥ 5, and so there is no particularly simple contribution to the torus amplitude that gives the answer. The various contributions must add to give the answer predicted from supergravity. It would be interesting to see this explicitly coming out of the torus amplitude.
After converting to the Einstein frame, let us consider the U B dependent coefficient of
invariant, whatever multiplies it in the whole amplitude should be SL(3, Z) M invariant. In fact, this contribution is given by
on using (142). Extending it to the non-perturbative completion, we get the manifestly U-duality invariant modular form
Thus one loop supergravity and U-duality gives a prediction for a part of the complete modular form.
Decompactifying to nine dimensions, we see that (114) gives the interaction
which contributes at genus one and at genus k. It also gives the divergent contribution
10 The remaining part which depends only on T B must form part of an SL(3, Z) M invariant modular form.
which leads to the threshold singularities. Further decompactifying (120) to ten dimensions, this leads to the interaction
which contributes at genus k, while the genus one contribution vanishes. It also gives the divergent contribution
corresponding to the threshold singularities.
Discussion
We have made a proposal for the modular form for the D 6 R 4 interaction, and showed that is satisfies several non-trivial consistency checks. Some parts of the torus amplitude, however, have been constructed based on the perturbative equality of the type IIA and type IIB amplitudes, and some heuristic arguments. Calculating the full amplitude explicitly would be useful in verifying the proposal we make. Let us make some comments about the possible modular form for the D 6 R 4 interaction in toroidal compactifications preserving maximal supersymmetry to lower dimensions, where the U-duality group is no longer reducible. The scalars parametrize the coset manifold M = G/H, where G is a non-compact group, and H is its maximal compact subgroup [40, 41] . The conjectured U-duality group isĜ, the discrete version of G. Thus in the Einstein frame the term in the supergravity action involving the scalars is given by
where M parametrizes M. Based on the D 6 R 4 interaction in ten dimensions as well as the modular form we propose, it is conceivable that the U-duality invariant modular form in lower dimensions is given by the solution of the Poisson equation on the fundamental domain ofĜ given by
where λ 1 and λ 2 are constants. 
Appendix

A Expressions for the Eisenstein series
In the section below, we write down explicit expressions for the Eisenstein series of SL(2, Z) and SL(3, Z) that are useful in the main text.
A.1 The Eisenstein series for SL(2, Z)
The Eisenstein series of order s for SL(2, Z) is defined by
Using the relations
we see that
Now (126) satisfies the Laplace equation
on the fundamental domain of SL(2, Z) T . We shall need the expression for E 1 (T,T ) SL(2,Z) in the main text. From (126), note that this diverges because ζ(1) is infinite, and thus needs to be regularized. We regularize the second term in (126) by setting 1 − s = ǫ and taking the limit ǫ → 0, where we also use
where γ is the Euler constant. Using an MS-like regularization scheme, where we drop the 1/ǫ pole term as well terms involving the Euler constant, we get that (using ζ(2) = π 2 /6)
where we have used
and the definition of the Dedekind eta function
This yields the same result as in [29] .
A.2 The Eisenstein series for SL(3, Z)
The Eisenstein series of order s for SL(3, Z) in the fundamental representation is defined by
where m i are integers, and the sum excludes {m 1 , m 2 , m 3 } = {0, 0, 0}. The integers m i transform in the anti-fundamental representation of SL(3, Z), and the matrix M ij is given by (10) . Using the integral representation
we can evaluate (137) to get that
Now (136) satisfies the Laplace equation [6] 
on the fundamental domain of SL(3, Z) M . We can also define the Eisenstein series of order s in the anti-fundamental representation by
wherem i transforms in the fundamental representation of SL(3, Z). Now using the result
for invertible matrices, which can be derived using Poisson resummation, we get that
Thus there is a simple relationship between the Eisenstein series for the fundamental and the anti-fundamental representations.
B CalculatingÎ 1 andÎ 2
Here we provide various details of calculatingÎ 1 andÎ 2 which are needed to calculate the torus amplitude.
B.1 CalculatingÎ 1
We first evaluate (25) , for which we use the representation lnχ(ν; Ω) = 1 4π
for the scalar propagator on the torus. This leads to the relation [30] 
where we have used (126). Thus, In order to evaluate (145), from (126) we use the expression
In doing the integrals, we frequently make use of the definition
Integrating over the restricted fundamental domain F L of SL(2, Z), we keep only the finite terms in the limit L → ∞. The details of the calculation are very similar to [26] and so we only mention the results. 
upto L dependent terms.
(ii) The contribution from the non-degenerate orbits giveŝ
where we have also used
and the identity
(iii) The contribution from the degenerate orbits giveŝ
Thus from (145), we get that
B.2 CalculatingÎ 2
We next evaluate (26) , for which we use the representation lnχ(ν; Ω) = Ω 2 4π
for the scalar propagator on the torus. Again we writê 
upto L dependent terms. This integral can be evaluated by using the Rankin-Selberg identity to unfold the integration over the fundamental domain to the upper half plane, using the Poincare series representation of the scalar propagator.
Now using the representation [38] tan
we see that only the k = 0 and k = 1 terms in (160) contribute to (159) while doing the sum over m. While the constant term trivially vanishes, the terms for k ≥ 2 vanish on doing the sum over m, because ζ(−2p) = 0 for all positive integers p. Thus, using ζ(0) = −1/2, we get thatÎ
Now in (161), the terms in {. . .} are 1, and another term which exponentially decreases as Ω 2 → ∞. We call these two contributionsÎ 
2 (not1) can be expanded in a power series in e −2π|n|Ω 2 for large Ω 2 , and integrated term by term. This gives a far more complicated expression which we shall return to later.
Finally, the remaining expression is given bŷ
We shall also return to this expression later.
wherê
Using the representation (160), once again we see that only the k = 0 and k = 1 terms in (160) contribute to (166). Thus we get that
Also we have that
Although (168) is a complicated expression, it is not difficult to see that the integrand goes as O(e −Ω 2 ) as Ω 2 → ∞, and does not involve any power law suppressed terms. Thus we have thatÎ
where g M,N are unspecified functions of M and N, M is an integer, and N is non-zero.
Let us denote the terms independent of T 1 and U 1 in the various expressions as perturbative in T and U respectively (not to be confused with string perturbation theory). Thuŝ I 3,3 2 is perturbative in T , but has a non-trivial dependence on U 1 . First let us consider the terms inÎ 3,3 2 which are perturbative in U as well. In order to do this, we use the relation
. (170) We now outline the principal steps to deduce the various terms on the right hand side of (170). The first term is obtained by setting p = 0, while to obtain the remaining terms which have p = 0, we Poisson resum on j to go to the variableĵ. The second term is given by theĵ = 0 contribution, while the third term hasĵ = 0. Thus the first two terms in (170) give the perturbative contributions. This giveŝ We now fixÎ 3,3 2 (pert) using the constraint that the amplitude must be the same in the two type II string theories. Note that the perturbative parts come only from the zero orbit and the degenerate orbit contributions to the amplitude. Thus from the perturbative contributions already calculated inÎ 
We now argue that there are no other perturbative contributions toÎ 3,3 2 (pert). Suppose there are other such contributions apart from (172): because these are the only remaining ones, and they must be symmetric under interchange of U 2 and T 2 , they must be of the
Thus the derivative with respect to U 2 of the total perturbative contributions (172) and (173) is given by ∂h(U 2 )
Consider the large U 2 limit of (174). Let h(U 2 ) ∼ U 
at large U 2 . Now consider the large U 2 behavior of the U 2 derivative of (171). For large x, using the relation
we see that the second term does not contribute. On the other hand, for small x using the relations
from the first term, we get that
11 Assuming a more general behavior of the form h(U 2 ) ∼ U λ 2 (lnU 2 )λ, r i (U 2 ) ∼ U λi 2 (lnU 2 )λ i does not change the conclusions below.
which can never be of the form (175). Thuŝ 
This contribution has a logarithmic dependence on T 2 and must arise from the infinite sum over N in (171). Any constant term inÎ 
Extending (180) to its non-perturbative completion, we get that
SL ( This concludes the calculation of the torus amplitude. We have obtained some parts of the amplitude based on consistency and heuristic arguments, but have not explicitly calculated those contributions. It would be nice to calculate them explicitly. In the next appendix, we provide some more evidence that the extra contributions in (173) vanish.
C A self-consistency check for the torus amplitude
In the previous section, we have calculated the four graviton amplitude on the torus. Some parts of the amplitude were obtained using indirect arguments and not by explicit calculations. We now show that the answer we got is consistent with the structure we have proposed for the modular form.
We mentioned that there can be additional contributions to the torus amplitude given by (173). Let h(T,T ) pert ≡ h(T 2 ). We now show that h(T,T ) = 0 based on very different considerations compared to the previous discussion. This contribution yields an additional term µh(T,T ) to (67). Repeating the arguments as before, we get back the results of section 4, alongwith an extra equation given by ∆ SL(2,Z) T h(T,T ) = 12h(T,T ).
This is, of course, solved by E 4 (T,T ) SL(2,Z) . Thus adding E 4 (T,T ) SL(2,Z) + E 4 (U,Ū)
considerations of supersymmetry constrain the source term to involve the modular form for the R 4 interaction, namely, E 3/2 (M) SL(3,Z) , which has a genus zero and a genus one contribution. Thus the solution of the Poisson equation will have more than one perturbative contribution, again contradicting the statement above. Thus r i (M) = 0, and (173) vanishes.
